The first aim of this lecture is to highlight two areas of recent progress in inflationary cosmology, namely reheating and the quantum theory of cosmological perturbations. The second aim is to discuss important conceptual problems for the current realizations of inflation based on fundamental scalar matter fields, and to present some new approaches at solving these problems.
Introduction
Inflationary cosmology [1] has become one of the cornerstones of modern cosmology. Inflation was the first theory within which it was possible to make predictions about the structure of the Universe on large scales based on causal physics. The development of the inflationary Universe scenario has opened up a new and extremely promising avenue for connecting fundamental physics with experiment.
In this lecture I wish to highlight two areas in which there have been key improvements in our understanding, namely the theory of reheating (Section 3), and the quantum theory of cosmological perturbations (Section 4), the cornerstone on which the recent precision comparisons between theory and observations rest.
In spite of the remarkable success of the inflationary Universe paradigm, there are several serious conceptual problems for current models in which inflation is generated by the potential energy of a scalar matter field. These problems are discussed in Section 5.
Section 6 is a summary of some new approaches to solving the above-mentioned problems. An attempt to obtain inflation from condensates is discussed, a nonsingular Universe construction making use of higher derivative terms in the gravitational action is explained, and a framework for calculating the back-reaction of cosmological perturbations is summarized.
This short review focuses on areas of progress and on problems of inflationary cosmology. For comprehensive reviews of inflation, the reader is referred to [2, 3, 4, 5] . A recent review focusing on inflationary model building in the context of supersymmetric models can be found in [6] . An extended and more pedagogical version of these notes is [7] .
Basics of Inflationary Cosmology
Most current models of inflation are based on Einstein's theory of General Relativity with a matter source given by a scalar field ϕ. Based on the cosmological principle, the metric of space-time on large distance scales can be written in Friedmann-Robertson-Walker (FRW) form:
where the constant k determines the topology of the spatial sections. In the following, we shall set k = 0, i.e. consider a spatially flat Universe. In this case, we can without loss of generality take the scale factor a(t) to be equal to 1 at the present time t 0 , i.e. a(t 0 ) = 1. The coordinates r, ϑ and ϕ are comoving spherical coordinates.
For a homogeneous and isotropic Universe and setting the cosmological constant to zero, the Einstein equations reduce to the FRW equations ȧ a 2 = 8πG 3 ρ (2)
where p and ρ denote the pressure and energy density, respectively. These equations can be combined to yield the continuity equation (with Hubble constant H =ȧ/a) ρ = −3H(ρ + p) .
The equation of state of matter is described by a number w defined by p = wρ .
The idea of inflation [1] is very simple. We assume there is a time interval beginning at t i and ending at t R (the "reheating time") during which the Universe is exponentially expanding, i.e.,
a(t) ∼ e
Ht , t ǫ [t i , t R ]
with constant Hubble expansion parameter H. Such a period is called "de Sitter" or "inflationary." The success of Big Bang nucleosynthesis sets an upper limit to the time t R of reheating, t R ≪ t N S , t N S being the time of nucleosynthesis. During the inflationary phase, the number density of any particles initially present at t = t i decays exponentially. At t = t R , all of the energy which is responsible for inflation is released (see later) as thermal energy. This is a non-adiabatic process during which the entropy increases by a large factor.
A period of inflation can solve the homogeneity problem of standard cosmology, the reason being that during inflation the physical size of the forward light cone exponentially expands and thus can easily become larger than the physical size of the past light cone at t rec , the time of last scattering, thus explaining the near isotropy of the cosmic microwave background (CMB). Inflation also solves the flatness problem [8, 1] .
Most importantly, inflation provides a mechanism which in a causal way generates the primordial perturbations required for galaxies, clusters and even larger objects. In inflationary Universe models, the Hubble radius ("apparent" horizon) and the ("actual") horizon (the forward light cone) do not coincide at late times. Provided that the duration of inflation is sufficiently long, then all scales within our present apparent horizon were inside the horizon since t i . Thus, it is in principle possible to have a causal generation mechanism for perturbations [9, 10, 11, 12] .
As will be discussed in Section 4, the density perturbations produced during inflation are due to quantum fluctuations in the matter and gravitational fields [10, 11] . The amplitude of these inhomogeneities corresponds to a temperature T H ∼ H, the Hawking temperature of the de Sitter phase. This leads one to expect that at all times t during inflation, perturbations with a fixed physical wavelength ∼ H −1 will be produced. Subsequently, the length of the waves is stretched with the expansion of space, and soon becomes much larger than the Hubble radius ℓ H (t) = H −1 (t). The phases of the inhomogeneities are random. Thus, the inflationary Universe scenario predicts perturbations on all scales ranging from the comoving Hubble radius at the beginning of inflation to the corresponding quantity at the time of reheating. In particular, provided that inflation lasts sufficiently long, perturbations on scales of galaxies and beyond will be generated. Note, however, that it is very dangerous to interpret de Sitter Hawking radiation as thermal radiation. In fact, the equation of state of this "radiation" is not thermal [13] .
In most current models of inflation, the exponential expansion is driven by the potential energy density V (ϕ) of a fundamental scalar matter field ϕ with standard action
where D µ denotes the covariant derivative, and g is the determinant of the metric tensor. The resulting energy-momentum tensor yields the following expressions for the energy density ρ and the pressure p:
It thus follows that if the scalar field is homogeneous and static, but the potential energy positive, then the equation of state p = −ρ necessary for exponential inflation results (see (4)). Most of the current realizations of potential-driven inflation are based on satisfying the conditionṡ
via the idea of slow rolling [14, 15] . Consider the equation of motion of the scalar field ϕ:
If the scalar field starts out almost homogeneous and at rest, if the Hubble damping term (the second term on the l.h.s. of (12) is large, and if the potential is quite flat (so that the term on the r.h.s. of (12) is small), thenφ 2 may remain small compared to V (ϕ), in which case exponential inflation will result. Note that if the spatial gradient terms are initially negligible, they will remain negligible since they redshift.
Chaotic inflation [16] is a prototypical inflationary scenario. Consider a scalar field ϕ which is very weakly coupled to itself and other fields. In this case, ϕ need not be in thermal equilibrium at the Planck time, and most of the phase space for ϕ will correspond to large values of |ϕ| (typically |ϕ| ≫ m pl ). Consider now a region in space where at the initial time ϕ(x) is very large, and approximately homogeneous and static. In this case, the energy-momentum tensor will be immediately dominated by the large potential energy term and induce an equation of state p ≃ −ρ which leads to inflation. Due to the large Hubble damping term in the scalar field equation of motion, ϕ(x) will only roll very slowly towards ϕ = 0 (we are making the assumption that V (ϕ) has a global minimum at a finite value of ϕ which can then be chosen to be ϕ = 0). The kinetic energy contribution to ρ and p will remain small, the spatial gradient contribution will be exponentially suppressed due to the expansion of the Universe, and thus inflation persists. Note that the precise form of V (ϕ) is irrelevant to the mechanism.
It is difficult to realize chaotic inflation in conventional supergravity models since gravitational corrections to the potential of scalar fields typically render the potential steep for values of |ϕ| of the order of m pl and larger. This prevents the slow rolling condition (11) from being realizable. Even if this condition can be satisfied, there are constraints from the amplitude of produced density fluctuations which are much harder to satisfy (see Section 5) .
Hybrid inflation [17] is a solution to the above-mentioned problem of chaotic inflation. Hybrid inflation requires at least two scalar fields to play an important role in the dynamics of the Universe. As a toy model, consider the potential of a theory with two scalar fields ϕ and ψ:
For values of |ϕ| larger than ϕ c
the minimum of ψ is ψ = 0, whereas for smaller values of ϕ the symmetry ψ → −ψ is broken and the ground state value of |ψ| tends to M . The idea of hybrid inflation is that ϕ is slowly rolling like the inflaton field in chaotic inflation, but that the energy density of the Universe is dominated by ψ. Inflation terminates once |ϕ| drops below the critical value ϕ c , at which point ψ starts to move. Note that in hybrid inflation ϕ c can be much smaller than m pl and hence inflation without superPlanck scale values of the fields is possible. It is possible to implement hybrid inflation in the context of supergravity (see e.g. [18] ).
At the present time there are many realizations of potential-driven inflation, but there is no canonical theory. A lot of attention is being devoted to implementing inflation in the context of unified theories, the prime candidate being superstring theory or M-theory. String theory or M-theory live in 10 or 11 space-time dimensions, respectively. When compactified to 4 space-time dimensions, there exist many moduli fields, scalar fields which describe flat directions in the complicated vacuum manifold of the theory. A lot of attention is now devoted to attempts at implementing inflation using moduli fields (see e.g. [19] and references therein).
Recently, it has been suggested that our space-time is a brane in a higher-dimensional space-time (see [20] for the basic construction). Ways of obtaining inflation on the brane are also under active investigation (see e.g. [21] ).
It should also not be forgotten that inflation can arise from the purely gravitational sector of the theory, as in the original model of Starobinsky [22] (see also Section 6), or that it may arise from kinetic terms in an effective action as in pre-big-bang cosmology [23] or in k-inflation [24] .
Theories with (almost) exponential inflation generically predict an (almost) scale-invariant spectrum of density fluctuations, as was first realized in [9, 10, 11, 12] and then studied more quantitatively in [25, 26, 27] . Via the Sachs-Wolfe effect [28] , these density perturbations induce CMB anisotropies with a spectrum which is also scale-invariant on large angular scales.
The heuristic picture is as follows. If the inflationary period which lasts from t i to t R is almost exponential, then the physical effects which are independent of the small deviations from exponential expansion (an example of something which does depend on these deviations is effects connected with the remnant radiation density during inflation) are time-translation-invariant. This implies, for example, that quantum fluctuations at all times have the same strength when measured on the same physical length scale.
If the inhomogeneities are small, they can described by linear theory, which implies that all Fourier modes k evolve independently. The exponential expansion inflates the wavelength of any perturbation. Thus, the wavelength of perturbations generated early in the inflationary phase on length scales smaller than the Hubble radius soon becomes equal to the ("exits") Hubble radius (this happens at the time t i (k)) and continues to increase exponentially. After inflation, the Hubble radius increases as t while the physical wavelength of a fluctuation increases only as a(t). Thus, eventually the wavelength will cross the Hubble radius again (it will "enter" the Hubble radius) at time t f (k). Thus, it is possible for inflation to generate fluctuations on cosmological scales by causal physics.
Any physical process which obeys the symmetry of the inflationary phase and which generates perturbations will generate fluctuations of equal strength when measured when they cross the Hubble radius (see, however, Section 5.
(independent of k). Here, δM (k, t) denotes the r.m.s. mass fluctuation on a length scale k −1 at time t. It is generally assumed that causal physics cannot affect the amplitude of fluctuations on super-Hubble scales (see, however, the comments at the end of Section 4.1). Therefore, the magnitude of δM M can change only by a factor independent of k, and hence it follows that
which is the definition of a scale-invariant spectrum [29] .
Parametric Resonance and Reheating
Reheating is an important stage in inflationary cosmology. It determines the state of the Universe after inflation and has consequences for baryogenesis, defect formation and other aspects of cosmology. After slow rolling, the inflaton field begins to oscillate uniformly in space about the true vacuum state. Quantum mechanically, this corresponds to a coherent state of k = 0 inflaton particles. Due to interactions of the inflaton with itself and with other fields, the coherent state will decay into quanta of elementary particles. This corresponds to post-inflationary particle production.
Reheating is usually studied using simple scalar field toy models. The one we will adopt here consists of two real scalar fields, the inflaton ϕ interacting with a massless scalar field χ representing ordinary matter. The Lagrangian is
with m ∼ 10 13 GeV (see Section 4 for a justification of this choice), and g 2 denoting the interaction coupling constant. The bare mass and self interactions of χ are neglected.
In the elementary theory of reheating (see e.g. [30] and [31] ), the decay of the inflaton was calculated using first order perturbation theory. The decay rate Γ B of ϕ typically turns out to be much smaller than the Hubble expansion rate at the end of inflation (see [7] for a worked example). The decay leads to a decrease in the amplitude of ϕ which can be approximated by adding an extra damping term to the equation of motion for ϕ:φ
From the above equation it follows that as long as H > Γ B , particle production is negligible. During the phase of coherent oscillation of ϕ, the energy density and hence H are decreasing. Thus, eventually H = Γ B , and at that point reheating occurs (the remaining energy density in ϕ is very quickly transferred to χ particles). However, at this point the matter temperature is much smaller than the energy scale of inflation (reheating is a slow process). This would imply no GUT baryogenesis, no GUT-scale defect production, and no gravitino problems in supersymmetric models with m 3/2 > T R , where m 3/2 is the gravitino mass. As we shall see, these conclusions change radically if we adopt an improved analysis of reheating.
As was first realized in [32] , the above analysis misses an essential point. To see this, we focus on the equation of motion for the matter field χ. The equations for the Fourier modes χ k in the presence of a coherent inflaton field oscillating with amplitude A,
where k p = k/a is the time-dependent physical wavenumber, and m Let us for the moment neglect the expansion of the Universe. In this case, the friction term in (20) drops out and k p is time-independent, and Equation (20) becomes a harmonic oscillator equation with a periodically varying mass. In the mathematics literature, this equation is called the Mathieu equation. It is well known that there is an instability. In physics, the effect is known as parametric resonance (see e.g. [33] ). At frequencies ω n corresponding to half integer multiples of the frequency ω of the variation of the mass, i.e. ω
there are instability bands with widths ∆ω n . For values of ω k within the instability band, the value of χ k increases exponentially:
In models of chaotic inflation A ∼ m pl . Hence, unless g 2 is unnaturally small (a typical value is g 2 ∼ m/m pl ), it follows that µ ≫ H.
Since the widths of the instability bands decrease as a power of the (small) coupling constant g 2 with increasing n, for practical purposes only the lowest instability band is important. Its width is
Note, in particular, that there is no ultraviolet divergence in computing the total energy transfer from the ϕ to the χ field due to parametric resonance [32] .
It is easy to include the effects of the expansion of the Universe (see e.g. [32, 34, 35] ). The main effect is that the value of ω k becomes time-dependent. Thus, a mode slowly enters and leaves the resonance bands. As a consequence, any mode lies in the resonance band for only a finite time.
The rate of energy transfer is given by the phase space volume of the lowest instability band multiplied by the rate of growth of the mode function χ k . Using as an initial condition for χ k the value χ k ∼ H given by the magnitude of the expected quantum fluctuations, we obtaiṅ
Hence, the energy transfer will proceed fast on the time scale of the expansion of the Universe. There will be explosive particle production, and the energy density in matter at the end of reheating will be approximately equal to the energy density at the end of inflation. The above is a summary of the main physics of the modern theory of reheating. The actual analysis can be refined in many ways (see e.g. [34, 35, 36] , and, in the toy model considered here, [37] ). First of all, it is easy to take the expansion of the Universe into account explicitly (by means of a transformation of variables), to employ an exact solution of the background model and to reduce the mode equation for χ k to an equation which also admits exponential instabilities.
The next improvement consists of treating the χ field quantum mechanically (keeping ϕ as a classical background field). At this point, the techniques of quantum field theory in a curved background can be applied. There is no need to impose artificial classical initial conditions for χ k . Instead, we may assume that χ starts in its initial vacuum state. The Bogoliubov mode mixing technique can be used to compute the number of particles at late times.
Note that the state of χ after parametric resonance is not a thermal state. The spectrum consists of high peaks in distinct wave bands. An important question is how this state thermalizes. For some recent progress on this issue see [38, 39] . Since the state after explosive particle production is not a thermal state, it is useful to follow [34] and call this process "preheating" instead of reheating.
Note that the details of the analysis of preheating are quite model-dependent. In fact [34, 36] , in most models one does not get the kind of "narrow-band" resonance discussed here, but "broad-band" resonance. In this case, the energy transfer is even more efficient.
Recently [40] it has been argued that parametric resonance may lead to resonant amplification of superHubble-scale cosmological perturbations. The point is that in the presence of an oscillating inflaton field, the equation of motion for the cosmological perturbations takes on a similar form to the Mathieu equation discussed above (20) . In some models of inflation, the first resonance band includes modes with wavelength larger than the Hubble radius, leading to the apparent amplification of super-Hubble-scale modes. Such a process does not violate causality [41] since it is driven by the inflaton field which is coherent on superHubble scales at the end of inflation as a consequence of the causal dynamics of an inflationary Universe. However, careful analyses for simple single-field [41, 42] models demonstrated that there is no net growth of the physical amplitude of gravitational fluctuations beyond what the usual theory of cosmological perturbations (see the following section) predicts. There is increasing evidence that this conclusion holds in general for models with purely adiabatic perturbations [43, 44] . In the case of many two field models it was shown that the perturbation mode which could undergo parametric amplification during reheating is exponentially suppressed during inflation [45, 46] . The criterion for models (such as the one proposed in [47] ) to have exponential growth of the physical amplitude of cosmological perturbations during inflation is that there is an entropy mode which is not suppressed during inflation [48] . The resulting exponential amplification of fluctuations renders these models incompatible with the observational constraints, even including back-reaction effects [49] .
Quantum Theory of Cosmological Perturbations
On scales larger than the Hubble radius the Newtonian theory of cosmological perturbations is inapplicable, and a general relativistic analysis is needed. On these scales, matter is essentially frozen in comoving coordinates. However, space-time fluctuations can still increase in amplitude.
In principle, it is straightforward to work out the general relativistic theory of linear fluctuations [50] .
We linearize the Einstein equations
(where G µν is the Einstein tensor associated with the space-time metric g µν , and T µν is the energymomentum tensor of matter) about an expanding FRW background (g
µν , ϕ (0) ):
ϕ(x, t) = ϕ (0) (t) + δϕ(x, t) (27) and pick out the terms linear in h µν and δϕ to obtain
In the above, h µν is the perturbation in the metric and δϕ is the fluctuation of the matter field ϕ.
In practice, there are many complications which make this analysis highly nontrivial. The first problem is "gauge invariance" [51] . Imagine starting with a homogeneous FRW cosmology and introducing new coordinates which mix x and t. In terms of the new coordinates, the metric now looks inhomogeneous. The inhomogeneous piece of the metric, however, must be a pure coordinate (or "gauge") artifact. Thus, when analyzing relativistic perturbations, care must be taken to factor out effects due to coordinate transformations.
There are various methods of dealing with gauge artifacts. The simplest and most physical approach is to focus on gauge invariant variables, i.e., combinations of the metric and matter perturbations which are invariant under linear coordinate transformations.
The gauge invariant theory of cosmological perturbations is in principle straightforward, although technically rather tedious. In the following I will summarize the main steps and refer the reader to [52] for the details and further references (see also [53] for a pedagogical introduction and [54, 55, 56, 57, 58, 59, 60, 61] for other approaches).
We consider perturbations about a spatially flat Friedmann-Robertson-Walker metric
where η is conformal time (related to cosmic time t by a(η)dη = dt). At the linear level, metric perturbations can be decomposed into scalar modes, vector modes and tensor modes (gravitational waves). In the following, we will focus on the scalar modes since they are the only ones which couple to energy density and pressure. A scalar metric perturbation (see [62] for a precise definition) can be written in terms of four free functions of space and time:
The next step is to consider infinitesimal coordinate transformations which preserve the scalar nature of δg µν , and to calculate the induced transformations of φ, ψ, B and E. Then we find invariant combinations to linear order. (Note that there are in general no combinations which are invariant to all orders [63] .) After some algebra, it follows that
are two invariant combinations (a prime denotes differentiation with respect to η).
Perhaps the simplest way [52] to derive the equations of motion for gauge invariant variables is to consider the linearized Einstein equations (28) and to write them out in the longitudinal gauge defined by B = E = 0, in which Φ = φ and Ψ = ψ, to directly obtain gauge invariant equations.
For several types of matter, in particular for scalar field matter, δT i j ∼ δ i j which implies Φ = Ψ. Hence, the scalar-type cosmological perturbations can in this case be described by a single gauge invariant variable. The equation of motion takes the form [27, 64, 58, 65, 66] 
where ξ = 2 3
The variable w = p/ρ (with p and ρ background pressure and energy density respectively) is a measure of the background equation of state. In particular, on scales larger than the Hubble radius, the right hand side of (33) is negligible, and hence ξ is constant. The above equation (33) is only true if the system has purely adiabatic perturbations. In the case of several matter fields, entropy perturbations can lead to terms on the right hand side of (33) which are important even on length scales much larger than the Hubble radius (see e.g. [48] and references therein). This is the basic reason which allows the amplification of super-Hubble modes during reheating in such models as discussed at the end of the previous section.
If the equation of state of matter is constant, i.e., w = const, thenξ = 0 implies that the relativistic potential is time-independent on scales larger than the Hubble radius, i.e. Φ(t) = const. During a transition from an initial phase with w = w i to a phase with w = w f , Φ changes. In many cases, a good approximation to the dynamics given by (33) is
To make contact with late time matter perturbations and with the Newtonian intuition, it is useful to note that, as a consequence of the Einstein constraint equations, at Hubble radius crossing Φ is a measure of the fractional density fluctuations:
The primordial perturbations in an inflationary cosmology are generated by quantum fluctuations (see also [67, 68] ). What follows is a very brief description of the unified analysis of the quantum generation and evolution of perturbations in an inflationary Universe (for a detailed review see [52] ). The basic point is that at the linearized level, the equations describing both gravitational and matter perturbations can be quantized in a consistent way. The use of gauge invariant variables makes the analysis both physically clear and computationally simple. This unified description of the generation and evolution of cosmological fluctuations goes back to the pioneering work of Sasaki [69] and Mukhanov [70] but has only fairly recently gained widespread recognition.
The first step of this analysis is to consider the action for the linear perturbations about a homogeneous and isotropic background, i.e. to expand the gravitational and matter action S(g µν , ϕ) to quadratic order in the fluctuation variables h µν , δϕ
where S 2 is quadratic in the perturbation variables. Focusing on the scalar perturbations, it turns out that one can express the resulting S 2 in terms of a single gauge invariant variable v which is a combination of metric and matter perturbations.
In the above, a prime denotes the derivative with respect to conformal time, and H = a ′ /a. It turns out that, after a lot of algebra, the action S 2 reduces to the action of a single gauge invariant free scalar field (namely v) with a time dependent mass [70, 69] (the time dependence reflects the expansion of the background space-time)
This result is not surprising. Based on the study of classical cosmological perturbations, we know that there is only one field degree of freedom for the scalar perturbations. Since at the linearized level there are no mode interactions, the action for this field must be that of a free scalar field. We can thus use standard methods to quantize this theory. If we employ canonical quantization, then the mode functions of the field operator obey the same equations as we derived in the gauge-invariant analysis of classical relativistic perturbations. The time dependence of the mass leads to equations which have growing modes which correspond to particle production or equivalently to the generation and amplification of fluctuations. Since inflation exponentially dilutes the density of pre-existing matter, it is reasonable to assume that the perturbations start off (e.g. at the beginning of inflation) in the vacuum state (defined as a state with no particles with respect to a local comoving observer). The state defined this way will not be the vacuum state from the point of view of an observer at a later time. The Bogoliubov mode mixing technique can be used to calculate the number density of particles at a later time. In particular, expectation values of field operators such as the power spectrum can be computed.
The resulting power spectrum gives the following result for the mass perturbations at time t i (k):
If the background scalar field is rolling slowly, then
and
Combining (35), (41), (42) and (43) and we get
This result can now be evaluated for specific models of inflation to find the conditions on the particle physics parameters which give a value
which is required if quantum fluctuations from inflation are to provide the seeds for galaxy formation and agree with the CMB anisotropy limits. For chaotic inflation with a potential
we can solve the slow rolling equations for the inflaton to obtain
which implies that m ∼ 10 13 GeV to agree with (45) . Similarly, for a quartic potential with coupling constant λ, the condition λ ≤ 10 −12 is required in order not to conflict with observations. Thus, in both examples one needs a very small parameter in the particle physics model. It has been shown quite generally [71] that small parameters are required if inflation is to solve the fluctuation problem.
To summarize the main results of the analysis of density fluctuations in inflationary cosmology:
1. Quantum vacuum fluctuations in the de Sitter phase of an inflationary Universe are the source of perturbations.
2. As a consequence of the change in the background equation of state, the evolution outside the Hubble radius produces a large amplification of the perturbations. In fact, unless the particle physics model contains very small coupling constants, the predicted fluctuations are in excess of those allowed by the bounds on cosmic microwave anisotropies.
3. The quantum generation and classical evolution of fluctuations can be treated in a unified manner. The formalism is no more complicated that the study of a free scalar field in a time dependent background.
Inflationary Universe models generically produce an approximately scale invariant Harrison
5 Problems of Inflationary Cosmology
Fluctuation Problem
A generic problem for all realizations of potential-driven inflation studied up to now concerns the amplitude of the density perturbations which are induced by quantum fluctuations during the period of exponential expansion [26, 27] . From the amplitude of CMB anisotropies measured by COBE, and from the present amplitude of density inhomogeneities on scales of clusters of galaxies, it follows that the amplitude of the mass fluctuations δM /M on a length scale given by the comoving wavenumber k at the time t f (k) when that scale crosses the Hubble radius in the FRW period is of the order 10 −5 . However, as was discussed in detail in the previous section, the present realizations of inflation based on scalar quantum field matter generically [71] predict a much larger value of these fluctuations, unless a parameter in the scalar field potential takes on a very small value. For example, as discussed at the end of the previous section, in a single field chaotic inflationary model with quartic potential the mass fluctuations generated are of the order 10 2 λ 1/2 . Thus, in order not to conflict with observations, a value of λ smaller than 10 −12 is required. There have been many attempts to justify such small parameters based on specific particle physics models, but no single convincing model has emerged.
With the recent discovery [40, 41] that long wavelength gravitational fluctuations may be amplified exponentially during reheating, a new aspect of the fluctuation problem has emerged. All models in which such amplification occurs (see e.g. [48] for a discussion of the required criteria) are ruled out because the amplitude of the fluctuations after back-reaction has set in is too large, independent of the value of the coupling constant [49] .
Trans-Planckian Problem
In many models of inflation, in particular in chaotic inflation, the period of inflation is so long that comoving scales of cosmological interest today corresponded to a physical wavelength much smaller than the Planck length at the beginning of inflation. In extrapolating the evolution of cosmological perturbations according to linear theory to these very early times, we are implicitly making the assumptions that the theory remains perturbative to arbitrarily high energies and that it can be described by classical general relativity. Both of these assumptions break down on super-Planck scales. Thus the question arises as to whether the predictions of the theory are robust against modifications of the model on super-Planck scales.
A similar problem occurs in black hole physics [72] . The mixing between the modes falling towards the black hole from past infinity and the Hawking radiation modes emanating to future infinity takes place in the extreme ultraviolet region, and could be sensitive to super-Planck physics. However, in the case of black holes it has been shown that for sub-Planck wavelengths at future infinity, the predictions do not change under a class of drastic modifications of the physics described by changes in the dispersion relation of a free field [73, 74] .
As was recently [75, 76] discovered, the result in the case of inflationary cosmology is different: the spectrum of fluctuations may depend quite sensitively on the dispersion relation on super-Planck scales. If we take the initial state of the fluctuations at the beginning of inflation to be given by the state which minimizes the energy density, then for certain of the dispersion relations considered in [74] , the spectrum of fluctuations changes quite radically. The index of the spectrum can change (i.e. the spectrum is no longer scale-invariant) and oscillations in the spectrum may be induced. Note that for the class of dispersion relations considered in [73] the predictions are the standard ones.
The above results may be bad news for people who would like to consider scalar-field driven inflationary models as the ultimate theory. However, the positive interpretation of the results is that the spectrum of fluctuations may provide a window on super-Planck-scale physics. The present observations can already be interpreted in the sense [77] that the dispersion relation of the effective field theory which emerges from string theory cannot differ too drastically from the dispersion relation of a free scalar field.
Singularity Problem
Scalar field-driven inflation does not eliminate singularities from cosmology. Although the standard assumptions of the Penrose-Hawking theorems break down if matter has an equation of state with negative pressure, as is the case during inflation, nevertheless it can be shown that an initial singularity persists in inflationary cosmology [78] . This implies that the theory is incomplete. In particular, the physical initial value problem is not defined.
Cosmological Constant Problem
Since the cosmological constant acts as an effective energy density, its value is bounded from above by the present energy density of the Universe. In Planck units, the constraint on the effective cosmological constant Λ ef f is (see e.g. [79] )
This constraint applies both to the bare cosmological constant and to any matter contribution which acts as an effective cosmological constant. The true vacuum value (taken on to be specific at ϕ = 0) of the potential V (ϕ) acts as an effective cosmological constant. Its value is not constrained by any particle physics requirements (in the absence of special symmetries). Thus there must be some as yet unknown mechanism which cancels (or at least almost completely cancels) the gravitational effects of any vacuum potential energy of any scalar field. However, scalar field-driven inflation relies on the almost constant potential energy V (ϕ) during the slowrolling period acting gravitationally. How can one be sure that the unknown mechanism which cancels the gravitational effects of V (0) does not also cancel the gravitational effects of V (ϕ) during the slow-rolling phase? This problem is the Achilles heel of any scalar field-driven inflationary model.
Supersymmetry alone cannot provide a resolution of this problem. It is true that unbroken supersymmetry forces V (ϕ) = 0 in the supersymmetric vacuum. However, supersymmetry breaking will induce a non-vanishing V (ϕ) in the true vacuum after supersymmetry breaking, and a cosmological constant problem of at least 60 orders of magnitude remains even with the lowest scale of supersymmetry breaking compatible with experiments.
New Avenues
In the light of the problems of potential-driven inflation discussed in the previous sections, it is of utmost importance to study realizations of inflation which do not require fundamental scalar fields, or new avenues towards early Universe cosmology altogether which, while maintaining (some of) the successes of inflation, address and resolve some of its difficulties.
Two examples of new avenues to early Universe cosmology which do not involve conventional inflation are the pre-big-bang scenario [23] , and the varying speed of light postulate [80, 81] . The pre-big-bang scenario is a model in which the Universe starts in an empty and flat dilaton-dominated phase which leads to pole-law inflation. A nice feature of this theory is that the mechanism of super-inflationary expansion is completely independent of a potential and thus independent of the cosmological constant issue. The scenario, however, is confronted with a graceful exit problem [82] , and the initial conditions need to be very special [83] (see, however, the discussion in [84] ).
It is also easy to realize that a theory in which the speed of light is much larger in the early Universe than at the present time can lead to a solution of the horizon and flatness problems of standard cosmology and thus can provide an alternative to inflation for addressing them. For realizations of this scenario in the context of the brane world ideas see e.g. [85, 86, 87] .
String theory may lead to a natural resolution of some of the puzzles of inflationary cosmology. This is an area of active research. The reader is referred to [19] for a review of recent studies of obtaining inflation with moduli fields, and to [21] for attempts to obtain inflation with branes. Below, three more conventional approaches to addressing some of the problems of inflation will be summarized.
Inflation from Condensates
At the present time there is no direct observational evidence for the existence of fundamental scalar fields in nature (in spite of the fact that most attractive unified theories of nature require the existence of scalar fields in the low energy effective Lagrangian). Scalar fields were initially introduced to particle physics to yield an order parameter for the symmetry breaking phase transition. Many phase transitions exist in nature; however, in all cases, the order parameter is a condensate. Hence, it is useful to consider the possibility of obtaining inflation using condensates, and in particular to ask if this would yield a different inflationary scenario.
The analysis of a theory with condensates is intrinsically non-perturbative. The expectation value of the Hamiltonian H of the theory contains terms with arbitrarily high powers of the expectation value ϕ of the condensate. A recent study of the possibility of obtaining inflation in a theory with condensates was undertaken in [88] (see also [89] for some earlier work). Instead of truncating the expansion of H at some arbitrary order, the assumption was made that the expansion of H in powers of ϕ is asymptotic and, specifically, Borel summable (on general grounds one expects that the expansion will be asymptotic -see e.g. [90] )
The cosmological scenario is as follows: the expectation value ϕ vanishes at times before the phase transition when the condensate forms. Afterwards, ϕ evolves according to the classical equations of motion with the potential given by (50) (assuming that the kinetic term assumes its standard form). It can easily be checked that the slow rolling conditions are satisfied. However, the slow roll conditions remain satisfied for all values of ϕ , thus leading to a graceful exit problem -inflation will never terminate.
However, correlation functions, in particular φ 2 , are in general infrared divergent in the de Sitter phase of an expanding Universe. One must therefore introduce a phenomenological cutoff parameter ǫ(t) into the vacuum expectation value (VEV), and replace ϕ by ϕ / ǫ. It is natural to take ǫ(t) ∼ H(t) (see e.g. [91, 92] ). Hence, the dynamical system consists of two coupled functions of time ϕ and ǫ. A careful analysis shows that a graceful exit from inflation occurs precisely if H tends to zero when ϕ tends to large values.
As is evident, the scenario for inflation in this composite field model is very different from the standard potential-driven inflationary scenario. It is particularly interesting that the graceful exit problem from inflation is linked to the cosmological constant problem. Note that models of inflation based on composites presumably do not suffer from the trans-Planckian problem, the reason being that the effective field theory which describes the strongly interacting system is time-translation-invariant during the de Sitter phase. The physical picture is that mode interactions are essential, and are responsible for generating the fluctuations on a scale k when this scale leaves the Hubble radius at time t i (k).
Nonsingular Universe Construction
Another possibility of obtaining inflation is by making use of a modified gravity sector. More specifically, we can add to the usual gravitational action higher derivative curvature terms. These terms become important only at high curvatures. As realized a long time ago [22] , specific choices of the higher derivative terms can lead to inflation. It is well motivated to consider effective gravitational actions with higher derivative terms when studying the properties of space-time at large curvatures, since any effective action for classical gravity obtained from string theory, quantum gravity, or by integrating out matter fields, contains such terms. In our context, the interesting question is whether one can obtain a version of inflation avoiding some of the problems discussed in the previous section, specifically whether one can obtain nonsingular cosmological models.
Most higher derivative gravity theories have much worse singularity problems than Einstein's theory. However, it is not unreasonable to expect that in the fundamental theory of nature, be it string theory or some other theory, the curvature of space-time is limited. In Ref. [93] the hypothesis was made that when the limiting curvature is reached, the geometry must approach that of a maximally symmetric space-time, namely de Sitter space. The question now becomes whether it is possible to find a class of higher derivative effective actions for gravity which have the property that at large curvatures the solutions approach de Sitter space. A nonsingular Universe construction which achieves this goal was proposed in Refs. [94, 95] . It is based on adding to the Einstein action a particular combination of quadratic invariants of the Riemann tensor chosen such that the invariant vanishes only in de Sitter space-times. This invariant is coupled to the Einstein action via a Lagrange multiplier field in a way that the Lagrange multiplier constraint equation forces the invariant to zero at high curvatures. Thus, the metric becomes de Sitter and hence explicitly nonsingular.
If successful, the above construction will have some very appealing consequences. Consider, for example, a collapsing spatially homogeneous Universe. According to Einstein's theory, this Universe will collapse in a finite proper time to a final "big crunch" singularity. In the new theory, however, the Universe will approach a de Sitter model as the curvature increases. If the Universe is closed, there will be a de Sitter bounce followed by re-expansion. Similarly, spherically symmetric vacuum solutions of the new equations of motion will presumably be nonsingular, i.e., black holes would have no singularities in their centers. In two dimensions, this construction has been successfully realized [96] .
The nonsingular Universe construction of [94, 95] and its applications to dilaton cosmology [97, 98] are reviewed in a recent proceedings article [99] . What follows is just a very brief summary of the points relevant to the problems listed in Section 5.
The procedure for obtaining a nonsingular Universe theory [94] is based on a Lagrange multiplier construction. Starting from the Einstein action, one can introduce Lagrange multipliers fields ϕ i coupled to selected curvature invariants I i and with potentials V i (ϕ i ) chosen such that at low curvature the theory reduces to Einstein's theory, whereas at high curvatures the solutions are manifestly nonsingular. The minimal requirements for a nonsingular theory are that all curvature invariants remain bounded and the space-time manifold is geodesically complete.
It is possible to achieve this by a two-step procedure. First, we choose a curvature invariant I 1 (g µν ) (e.g. I 1 = R) and demand that it be explicitly bounded by the ϕ 1 constraint equation. In a second step, we demand that as I 1 (g µν ) approaches its limiting value, the metric g µν approach the de Sitter metric g DS µν , a definite nonsingular metric with maximal symmetry. In this case, all curvature invariants are automatically bounded (they approach their de Sitter values), and the space-time can be extended to be geodesically complete. The second step can be implemented by [94] choosing a curvature invariant I 2 (g µν ) with the property that
introducing a second Lagrange multiplier field ϕ 2 which couples to I 2 , and choosing a potential V 2 (ϕ 2 ) which forces I 2 to zero at large |ϕ 2 |:
with asymptotic conditions
The first constraint renders R finite, the second forces I 2 to zero, and the third is required in order to obtain the correct low curvature limit. The invariant
singles out the de Sitter metric among all homogeneous and isotropic metrics (in which case adding C 2 , the Weyl tensor square, is superfluous), all homogeneous and anisotropic metrics, and all radially symmetric metrics.
As a specific example one can consider the action [94, 95] 
with
It can be shown that all solutions of the equations of motion which follow from this action are nonsingular [94, 95] . They are either periodic about Minkowski space-time (ϕ 1 , ϕ 2 ) = (0, 0) or else asymptotically approach de Sitter space (|ϕ 2 | → ∞).
One of the most interesting properties of this theory is asymptotic freedom [95] , i.e., the coupling between matter and gravity goes to zero at high curvatures. It is easy to add matter (e.g., dust, radiation or a scalar field) to the gravitational action in the standard way. One finds that in the asymptotic de Sitter regions, the trajectories of the solutions projected onto the (ϕ 1 , ϕ 2 ) plane are unchanged by adding matter. This applies, for example, in a phase of de Sitter contraction when the matter energy density is increasing exponentially but does not affect the metric. The physical reason for asymptotic freedom is obvious: in the asymptotic regions of phase space, the space-time curvature approaches its maximal value and thus cannot be changed even by adding an arbitrarily high matter energy density. Hence, there is the possibility that this theory will admit a natural suppression mechanism for cosmological fluctuations. If this were the case, then the solution of the singularity problem would at the same time help resolve the fluctuation problem of potential-driven inflationary cosmology.
Back-Reaction of Cosmological Perturbations
The linear theory of cosmological perturbations in inflationary cosmology is well studied. However, effects beyond linear order have received very little attention. Beyond linear order, perturbations can effect the background in which they propagate, an effect well known from early studies [100] of gravitational waves. As will be summarized below, the back-reaction of cosmological perturbations in an exponentially expanding Universe acts like a negative cosmological constant, as first realized in the context of studies of gravitational waves in de Sitter space in [101] .
Gravitational back-reaction of cosmological perturbations concerns itself with the evolution of spacetimes which consist of small fluctuations about a symmetric Friedmann-Robertson-Walker space-time with metric g (0)
µν . The goal is to study the evolution of spatial averages of observables in the perturbed space-time. In linear theory, such averaged quantities evolve like the corresponding variables in the background space-time. However, beyond linear theory perturbations have an effect on the averaged quantities. In the case of gravitational waves, this effect is well-known [100] : gravitational waves carry energy and momentum which affects the background in which they propagate. Here, we shall focus on scalar metric perturbations.
The idea behind the analysis of gravitational back-reaction [102] is to expand the Einstein equations to second order in the perturbations, to assume that the first order terms satisfy the equations of motion for linearized cosmological perturbations [52] (hence these terms cancel), to take the spatial average of the remaining terms, and to regard the resulting equations as equations for a new homogeneous metric g (0,br) µν which includes the effect of the perturbations to quadratic order:
where the effective energy-momentum tensor τ µν of gravitational back-reaction contains the terms resulting from spatial averaging of the second order metric and matter perturbations:
where pointed brackets stand for spatial averaging, and the superscripts indicate the order in perturbations.
As formulated in (61) and (62), the back-reaction problem is not independent of the coordinatization of space-time and hence is not well defined. It is possible to take a homogeneous and isotropic space-time, choose different coordinates, and obtain a non-vanishing τ µν . This "gauge" problem is related to the fact that in the above prescription, the hypersurface over which the average is taken depends on the choice of coordinates.
The key to resolving the gauge problem is to realize that to second order in perturbations, the background variables change. A gauge independent form of the back-reaction equation (61) can hence be derived [102] by defining background and perturbation variables Q = Q (0) +δQ which do not change under linear coordinate transformations. Here, Q represents collectively both metric and matter variables. The gauge-invariant form of the back-reaction equation then looks formally identical to (61) , except that all variables are replaced by the corresponding gauge-invariant ones. We will follow the notation of [52] , and use as gauge-invariant perturbation variables the Bardeen potentials [54] φ and Ψ which in longitudinal gauge coincide with the actual metric perturbations δg µν . Calculations hence simplify greatly if we work directly in longitudinal gauge. These calculations have been confirmed [103] by working in a completely different gauge, making use of the covariant approach.
In [104] , the effective energy-momentum tensor τ µν of gravitational back-reaction was evaluated for long wavelength fluctuations in an inflationary Universe in which the matter responsible for inflation is a scalar field ϕ with the potential
Since in this model there is no anisotropic stress, the perturbed metric in longitudinal gauge can be written [52] in terms of a single gravitational potential φ
where a(t) is the cosmological scale factor. It is now straightforward to compute G (2) µν and T (2) µν in terms of the background fields and the metric and matter fluctuations φ and δϕ, By taking averages and making use of (62), the effective energy-momentum tensor τ µν can be computed [104] .
The general expressions for the effective energy density ρ involve many terms. However, they greatly simplify if we consider perturbations with wavelength greater than the Hubble radius. In this case, all terms involving spatial gradients are negligible. From the theory of linear cosmological perturbations (see e.g. [52] ) it follows that on scales larger than the Hubble radius the time derivative of φ is also negligible as long as the equation of state of the background does not change. The Einstein constraint equations relate the two perturbation variables φ and δϕ, enabling scalar metric and matter fluctuations to be described in terms of a single gauge-invariant potential φ. During the slow-rolling period of the inflationary Universe, the constraint equation takes on a very simple form and implies that φ and δϕ are proportional. The upshot of these considerations is that τ µν is proportional to the two point function < φ 2 >, with a coefficient tensor which depends on the background dynamics. In the slow-rolling approximation we obtain [104] 
and p (2) = −ρ (2) .
This demonstrates that the effective energy-momentum tensor of long-wavelength cosmological perturbations has the same form as a negative cosmological constant.
Note that during inflation, the phase space of infrared modes is growing. Hence, the magnitude of |ρ (2) | is also increasing. Hence, the back-reaction mechanism may lead to a dynamical relaxation mechanism for a bare cosmological constant driving inflation [105] . A similar effect holds for pure gravity at two loop order in the presence of a bare cosmological constant [101] .
The interpretation of ρ (2) as a local density has been criticized, e.g. in [106] . Instead of computing physical observables from a spatially averaged metric, one should compute the spatial average of physical invariants corrected to quadratic order in perturbation theory. Work on this issue is in progress [107] (see also [43] ).
Conclusions
Inflationary cosmology is an attractive scenario. It solves some problems of standard cosmology and leads to the possibility of a causal theory of structure formation. The specific predictions of an inflationary model of structure formation, however, depend on the specific realization of inflation, which makes the idea of inflation hard to verify or falsify. Many models of inflation have been suggested, but at the present time none are sufficiently distinguished to form a "standard" inflationary theory.
There has been a lot of recent progress in inflationary cosmology. As explained in Section 3, a new theory of inflationary reheating (preheating) has been developed based on parametric resonance. Preheating leads to a rapid energy transfer between the inflaton field and matter at the end of inflation, with important cosmological consequences. A recent development in this area is the realization that long wavelength gravitational fluctuations may be amplified exponentially in models with an entropy perturbation mode which is not suppressed during inflation.
As discussed in Section 4, there is now a consistent quantum theory of the generation and evolution of linear cosmological perturbations which describes the origin of fluctuations from an initial vacuum state of the fluctuation modes at the beginning of inflation, and which forms the basis for the precision calculations of the power spectrum of density fluctuations and of CMB anisotropies which allow detailed comparisons with current and upcoming observations. However, there are important conceptual problems for scalar field-driven inflationary models. Four such problems discussed in this lecture (in Section 5) are the fluctuation problem, the trans-Planckian problem, the singularity problem and the cosmological constant problem, the last of which is the Achilles heel of these inflationary models.
It may be that a convincing realization of inflation will have to wait for an improvement in our understanding of fundamental physics. Some promising but incomplete avenues which address some of the problems mentioned above and which yield inflation exist are discussed in Section 6.
